CRANBROOK SCHOOL

TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

2001
MATHEMATICS

4 UNIT (Additional)

Time allowed — Three hours

DIRECTIONS TO CANDIDATES

Attempt all questions.

*  ALL guestions are of equal value.

# Al necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

*  Standard integrals are printed on the back page.

*  Roard-approved calculators may be used.

*  You may ask for extra Writing Booldets if you need them.

*  Submit your work in four 8 page booklets :

@ QUESTIONS 1 & 2
{if) QUESTIONS 3 & 4
{iii) QUESTIONS5&6

(lvy QUESTIONS7 & &



1. (8 page booklet)

2

) Find (i cotx cosec’x dx i el
(2) y ] @ [
[4 marks]
= dx
(by  Prove that I P e———= z , by using the substitution = x — 6.
5 Jx-5)7-x0 3
[3 marks]
{c) {1 Prove that _[D Fix)dx =J.: fla— x)dx. {2 marks]
, 5
(iiy  Hence or otherwise evaluate _[A —:%— dx. [2 marks]
¢ cos x+sin’x
VA dx
d Evaluate R A 4
@ J'O 2sin 2x +cosx fmarks)
2.
1, x3
{a) Evaluate jf dax [2 marks)
_A COs X
(b) Find Isin32x cos’ 2x dx [3 marks)
4x-3
(c) Find 4 marks
!76+2x—3x2 Hmaris]
T, -—
(d) I I =J.Acos" xsin? xdx fornz0, show that I, =-F—-l I, fornzl
0 n+2
[4 marks]
Hence or otherwise evaluate I;% cos® xsin®x dx. [2 mmarks]
3. (new 8 page booklet please)
(a) (i) Given z=1-{ and g, =—1++/3i evaluate |z,74] and arg(z,z,)
(ii) Find 2z, in cartesian form, and hence show that coss—j‘"T = —{:3'-—1
12 22
[6 marks]
(o)  Ifzis a complex number for which |z]=1 show that
@ Is|z+2<3 and (if) —%Sarg(z+2)$% [4 marks]
, , 1
) @& Giventhat z +; =k, areal number, show that z lies either on the real axis or on the unit

circle, centre the origin.

i)  Ifzlies on the real axis, show that {k|=2; if z lies on the unit circle, show that [kjs2.
[S marks]

(a)

ity

)

Find integers @ and b such that (x+1)* is afactorof x +2x" +ax+b.
{3 marks)

The equation z*+(1+#)z+4 =0 hasaroot 1-2i. Find the other root, and the value of &.

[3 marks]
Let @,f.y be the roots (none of which is zero) of x* +3px+g=0.
(i} Obtain the monic equation whose roots are %,% -}% .
(i) Deduce that y=af ifand onlyif (3p-g)*+4=0 [9 marks]

5, (new 8 page booklet please)

{a)

(b)

The region bounded by the circle x”+y" =4 and the parabola y*=3x is rotated about the
x—axis. By including appropriate diagrams in each case, find the volume of the solid of
revolution by using :

i circular discs [5 marks]

(i}  cylindrical shells. [5 marks}

In the solid shown ABCD and EFGH are squares of side 6 m and 10 m respectively, BCGF is a
-ﬁllalegmm- of height 12 m. Cross-sections parallel to the ends are squares. Show that at a
L

2
distance x m from the base AB the area of the cross-section is (6 +—;£} . Hence, by taking slices

of thickness Ax find the total volums of the solid. [5 marks]




(a)

(0

(3]

P(B p.—g’—}and Q[Sq,é] are points on the rectangular hyperbola xy = 9. The equation of chord
P 4

PO is x+pgy=3(p +q).

{i) Find the co-ordinates of N, the midpoint of PQ.

(i) If chord P(2 is a tangent to the parabola v* = 3x prove that the locns of Nis 3x = —8y".

[5 marks)

A cylinder of constant volume V has its radjus increasing at 3% per minute. At what % rate is the
height diminishing?
[4 marks]

A cyclist and & jogger journey along two roads OA and OB, which are inclined at 60° to one
another. The cyclist starls at a point P, 1¢ km from O along OA and cycles towards O. At the
same instant the jogger starts from ¢ and runs away from O along OB. ¥ the cyclist travels at &
km/h and the jogger runs at 5 km/h find the rate at which the distance between the two is
changing after 90 minutes (in km/h), correct to 2 decimal places.

[6 marks]

7. (new 8 page booklet please)

(@)

)

Show that the eilipse 4x* +9y> =36 and the hyperbola 4x’~y® =4 intersect at right angles.
[5 marks]

2 2
You are given that the equation of the normal to the eflipse _.x_2+%2_ =1 {a*>56%) atthe poin
a
P(x,y)is a'yx-b'xy=(a"—b")xy.

(i) This normal meets the major axis of the ellipse at G. § is a focus of the ellipse.

Show that (3§ =ex P§ , where e is the eccentricity of the ellipse.
[5 marks]

2 F
(ii)  The normal at the point P{5cos&,3sind) on ;_5+_y_9_ =1 cuts the major and miner

axes of the ellipse at G and H respectively, Show that as P moves on the ellipse, the

mid-point of GH describes another ellipse with the same eccentricity as the first.
[5 marks]

{a)

(b

(c)

fr
J‘ldx=]og, x (x>0)
X

Icosaxdx =~1—sina.x {a=0)
a

J'sccz axdx=-l—la.nax {az0)
[

5

In a certain cricket club there are 15 players available for selection, including 2 Smith brothers, 3
Brown brothers and 10 others. In how many ways may an eleven be selected for a game, if no
more than 1 Smith and 2 Browns may be chosen?

[3 marks}
Given that sinx, cos” x and sin™'(1- ) are all acute
() showthat  sin[sin” x—cos™ x]=2x -1
i)  solvetheequation  sin” x—cos” x=sin"(1-x}
[5 marks)
The equation of a curve is x*y’ —x"+y" =0,
@ Show that the numerical value of y is always less than 1.
(ii)  Find the equations of the asymptotes.
(iii)  Show tha & =—y~3—
dc X
{iv)  Sketch the curve.
[7 marks]

STANDARD INTEGRALS

dim ™ (n#-Lx#0if n<0)
n+l

je‘“dx:le"* {a#0)
a2
. 1
Ismaxdx=—-—cosax (a #0}
ia
Isecaxlanaxdx:isecax {a+0)
a

] ge=tant® (az0)
i

Ia’+x’ a

1
et
Iﬁdx=log,{x+ = —at

e V=]

]

. g X
=sin? = (a»0,—a<x<a)

(xf>a}
dx:log,{x-t- vl +a1}

+a
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